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ON THE LIFTABILITY OF THE AUTOMORPHISM GROUP OF SMOOTH
HYPERSURFACES OF THE PROJECTIVE SPACE
VI´CTOR GONZA´LEZ-AGUILERA, ALVARO LIENDO, AND PEDRO MONTERO
ABSTRACT. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in the projective
space given as the zero set of a homogeneous form F . If (n, d) 6= (1, 3), (2, 4) it is well known that every
automorphism ofX extends to an automorphism of the projective space, i.e., Aut(X) ⊆ PGL(n+ 2,C).
We say that the automorphism group Aut(X) is F -liftable if there exists a subgroup of GL(n + 2,C)
projecting isomorphically onto Aut(X) and leaving F invariant. Out main result in this paper shows that
the automorphism group of every smooth hypersurface of dimension n and degree d is F -liftable if and only
if d and n+2 are relatively prime. We also provide an effective criterion to compute all the integers which
are a power of a prime number and that appear as the order of an automorphism of a smooth hypersurface
of dimension n and degree d. As an application, we give a sufficient condition under which some Sylow
p-subgroups of Aut(X) are trivial or cyclic of order p.
INTRODUCTION
Let n ≥ 1 and d ≥ 1 be integers. A hypersurface X of dimension n and degree d of the projective
space Pn+1 := Pn+1(C) is the set of zeros of a homogeneous polynomial F of degree d. A smooth
hypersurface of dimension n is also called an n-fold. Smooth hypersurfaces are classical objects in
algebraic geometry since they are the simplest varieties one can define as they are given by only one
equation. As such, they have been intensively studied and their geometry has shaped the development
of classic and modern algebraic geometry. One noteworthy example is the central role that they play on
the rationality problem since the very beginnings of algebraic geometry and specially after the seminal
works of Iskovskikh andManin [IM71], Artin and Mumford [AM72], and Clemens and Griffiths [CG72],
concerning the Lu¨roth problem for threefolds, and more recently after the new methods for studying
stably rational varieties, introduced by Voisin in [Voi15] and successfully developed by many other
authors, for which we kindly refer the reader to the surveys [Kol19a] and [Pey19]. Smooth hypersurfaces
furnish a remarkably useful and concrete testing ground for many general theories.
If d ≥ 3 and (n, d) 6= (1, 3), (2, 4). A classical result due to Matsumura and Monsky [MM64] states
that every automorphism of a hypersurface X is induced by an automorphism of the ambient projective
space. Since the automorphism group of Pn+1 is the projective linear group PGL(n + 2,C), we have
then Aut(X) ⊂ PGL(n + 2,C). Given a subgroup G of Aut(X), it is a natural question to ask if there
exists a group G˜ ⊂ GL(n+2,C) that projects isomorphically into G via the the natural homomorphism
π : GL(n + 2,C) → PGL(n + 2,C). If this is the case, we say that G is liftable and we say that G˜ is
a lifting of G. Let now ϕ˜ ∈ G˜. Since π(ϕ˜) is an automorphism of X, we have that F is semi-invariant
by ϕ˜, i.e., ϕ˜∗(F ) = λF . Furthermore, if we have that the homogeneous polynomial F defining the
hypersurface F is invariant by every automorphism on ϕ˜ ∈ G, i.e., ϕ˜∗(F ) = F , then we say that G˜ is an
F -lifting and we say that G is F -liftable.
Our main result in this paper, contained in Theorem 3.5, states that if n ≥ 1, d ≥ 3 and (n, d) 6=
(1, 3), (2, 4), then the automorphism group of every smooth hypersurface of dimension n and degree
d in Pn+1 is F -liftable if and only if d and n + 2 are relatively prime. Our main inspirations for this
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work are the recent papers [OY19] and [WY19], where the notion of F -liftability is introduced and
applied to perform computer-aided calculations of all the maximal automorphism groups of smooth
quintic threefolds and smooth cubic threefolds, respectively. Several of their proofs and computations
can be seen as particular cases of our results, which we believe that can be useful to simplify that kind of
computations for other smooth n-folds, by considering faithful representations of subgroups of Aut(X)
(e.g. by applying Theorem 3.5) and the restrictions that we have for these liftings (e.g. those imposed by
Lemma 2.8, Proposition 3.4 and Corollary 4.2, that we explain below).
In a previous work by two of the authors of this paper [GAL13] (see also [GAL11]), we gave a
criterion for a power of a prime number pr to be the order of an automorphism of a smooth hypersurface
of dimension n and degree d as long as p does not divide d nor d − 1. In order to prove Theorem 3.5,
we improved our previous result to also include powers of prime numbers also dividing d or d − 1 (see
in Theorem 2.1). Indeed, letting n, d, p, r be positive integers with d ≥ 3, (n, d) 6= (1, 3), (2, 4) and p
prime, then pr is the order of an F -liftable automorphism of a smooth hypersurface of dimension n and
degree d if and only if
(i) p divides d− 1 and r ≤ k(n+ 1), where d− 1 = pke with gcd(p, e) = 1, or
(ii) p divides d and and there exists ℓ ∈ {1, 2, . . . , n+ 1} such that (1− d)ℓ ≡ 1 mod pr, or
(iii) p does not divide d(d− 1) and there exists ℓ ∈ {1, 2, . . . , n+2} such that (1− d)ℓ ≡ 1 mod pr.
We apply Theorem 2.1 as a tool to prove Lemma 2.8, which is a key ingredient to our main result in
Theorem 3.5. Lemma 2.8 gives conditions on the values that the determinant det(ϕ˜) may take, where
ϕ˜ is an F -lifting of an automorphism ϕ of a smooth hypersurface of dimension n and degree d of order
pr a power of a prime number. In particular, it states that whenever p does not divide d nor d − 1, then
det(ϕ˜) = 1. We think this lemma may be interesting on its own in other contexts.
As an application, we study the possible orders of certain Sylow p-subgroups of the automorphism
group of smooth hypersurfaces in terms of some easy-to-compute numerical invariant. This allows us
to provide a useful corollary stating that, under certain hypothesis that are usually fulfilled for smooth
hypersurfaces of low dimension, the Sylow p-subgroups are of order at most p (see Corollary 4.2). In
particular, for cubic hypersurfaces, we obtain in Example 4.3 that the order of the automorphism group of
every smooth cubic hypersurface of dimension at most five is not divisible by p2 for every prime number
different from 2 and 3.
Outline of the article. The content of the paper is organized as follows. In Section 1 we introduce the
notions of liftability and F -liftability and we prove that if d and n + 2 are relatively prime, then every
cyclic subgroup of the automorphism group of a smooth hypersurface of dimension n and degree d is
F -liftable. In Section 2 we prove Theorem 2.1 and Lemma 2.8 reported above. In Section 3 we prove
our main result in Theorem 3.5. Finally, in Section 4 we give the announced application to certain Sylow
p-subgroups of the automorphism group of a smooth hypersurface of dimension n and degree d.
Note on a recent preprint. During the last stages of proof-reading of this article and a few days before
our submission to the arXiv, the preprint [Zhe20], whose results are closely related and mostly com-
plementary to ours, appeared on the arXiv. We decided not to change the text of our paper and rather
describe the possible interactions here in the introduction.
Our Theorem 2.1, that we prove by adapting the proof of our previous result [GAL13, Theorem 1.3],
is also a corollary of [Zhe20, Theorem 1.4]. On the other hand, the F -liftability assumptions in [Zhe20,
Theorem 1.1] and [Zhe20, Theorem 1.3] can be removed by our Theorem 3.5 in the rather general case
where gcd(d, n + 2) = gcd(d,N) = 1. In the notation of [Zhe20], our n + 2 corresponds to N , the
dimension of the vector space defining the projective space Pn+1 = PN−1.
It is also worth stressing that all results in both papers are obtained by means of different approaches
and the main objectives of both papers are complementary. We study optimal conditions to ensure F -
liftability of the full automorphism group of a smooth hypersurface and our Theorem 2.1 is a tool to this
main result. On the other hand, the author of [Zhe20] studies F -liftable abelian group actions on smooth
hypersurfaces and derives [Zhe20, Theorem 1.4] as a consequence.
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1. LIFTABILITY OF AUTOMORPHISMS OF SMOOTH HYPERSURFACES
The aim of this section is to prove that every automorphism of every smooth hypersurface of dimension
n ≥ 1 and degree d ≥ 3 with (n, d) 6= (1, 3), (2, 4) admits an F -lifting if and only d and n + 2 are
relatively prime.
Fix for the whole paper a vector space V over C of dimension n + 2, with n ≥ 1. Let GL(V ),
SL(V ) and PGL(V ) be the general linear group, the special linear group and the projective linear group,
respectively. We denote by π : GL(V ) → PGL(V ) the canonical projection. For an automorphism
ϕ˜ : V → V in GL(V ) we denote its image π(ϕ˜) by ϕ. The automorphism ϕ˜ induces an automorphism
ϕ˜∗ : V ∗ → V ∗ on the dual space V ∗ given by ϕ˜∗(L) = L ◦ ϕ˜. Consequently, it also induces a graded
automorphism ϕ˜∗ : S(V ∗)→ S(V ∗) on the symmetric algebra S(V ∗) of the vector space V ∗ given also
by ϕ˜∗(F ) = F ◦ ϕ˜. This automorphism restricts to an automorphism ϕ˜∗ : Sd(V ∗) → Sd(V ∗) of forms
of degree d.
An automorphism of an algebraic variety X is a regular map X → X having a regular inverse map.
The group of all automorphisms of X is denoted by Aut(X). Let P(V ) be the complex projective space
of dimension n + 1 of the vector space V . The automorphism group of P(V ) is the projective linear
group PGL(V ). Let now X be a hypersurface of P(V ) given as the zero set of a homogeneous form
F ∈ Sd(V ∗) of degree d, the group of linear automorphisms, denoted by Lin(X), is the subgroup of
Aut(X) of automorphisms that extend to an automorphism of the ambient space P(V ), i.e., Lin(X) =
{ϕ ∈ PGL(V ) | ϕ(X) = X}.
In full generality, the group Lin(X) is a proper subgroup Aut(X), nevertheless for smooth hypersur-
face, we have the following classical theorem [MM64], see also [Kol19a, §6] and the references therein.
Theorem 1.1. Let X and Y be smooth hypersurfaces of dimension n ≥ 1 and degree d ≥ 3 in the
complex projective space P(V ) and let τ : X → Y is an isomorphism. If (n, d) 6= (1, 3), (2, 4), then τ is
the restriction of a linear automorphism P(V )→ P(V ) in PGL(V ). In particular, every automorphism
of X is linear. Moreover, Aut(X) is a finite group.
Remark 1.2. In the sequel, we will only consider smooth hypersurfaces of the projective space of dimen-
sion n and degree d with (n, d) 6= (1, 3), (2, 4). We will make use of the fact that Aut(X) = Lin(X)
and it is finite without referring to Theorem 1.1.
Let us now introduce the notion of liftability that we will use in this paper. It was first considered by
Oguiso and Yu in [OY19, §4].
Definition 1.3.
(1) Let G be a subgroup of PGL(V ). We say that a subgroup G˜ ⊂ GL(V ) is a lifting of G if the
restriction of the canonical projection π : GL(V ) → PGL(V ) to G˜ induces an isomorphism π|G˜ :
G˜
∼
−→ G. In this case, we say that G is liftable. Furthermore, we say that ϕ ∈ PGL(V ) is liftable if
the generated group 〈ϕ〉 is liftable and we denote by ϕ˜ a lifting of ϕ, i.e., ϕ˜ is an element of GL(V )
of the same order as ϕ and such that π(ϕ˜) = ϕ
(2) Let now X ⊂ P(V ) be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 given by the
homogeneous form F ∈ Sd(V ∗) and let G be a subgroup of Aut(X). Assume also that (n, d) 6=
(1, 3), (2, 4). We say that G˜ ⊂ GL(V ) is an F -lifting of G if G˜ is a lifting of G and ϕ˜∗(F ) = F ,
for all ϕ˜ ∈ G˜. In this case, we say that G is F -liftable. Furthermore, we say that ϕ ∈ Aut(X) is
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F -liftable if the generated group 〈ϕ〉 is F -liftable and we denote by ϕ˜ a lifting of ϕ, i.e., ϕ˜ is an
element of GL(V ) of the same order as ϕ such that π(ϕ˜) = ϕ and ϕ˜∗(F ) = F .
A priori, the notion of F -liftability defined by Oguiso and Yu depends on the particular embedding of
X into P(V ). In the following lemma, we show that indeed F -liftability is independent of the embedding.
Proposition 1.4. Let X and X ′ be smooth hypersurfaces of dimension n ≥ 1 and degree d ≥ 3 given
by and forms F and F ′ in Sd(V ∗), respectively. Let also τ : X → X ′ be an isomorphism and assume
(n, d) 6= (1, 3), (2, 4). If G ⊆ Aut(X) is a subgroup, then G is F -liftable if and only if τ ◦ G ◦ τ−1 ⊆
Aut(X ′) is F ′-liftable.
Proof. By Theorem 1.1 we have that τ is the restriction of an automorphism τ : P(V ) → P(V ) in
PGL(V ). Let τ˜ ∈ GL(V ) be such that π(τ˜ ) = τ . Since X is given by the form F , then X ′ is given
by the form (τ˜∗)−1(F ) = F ◦ τ˜−1. Hence, up to replacing τ˜ by λτ˜ with λ ∈ C×, we can assume
F ′ = F ◦ τ˜−1. Let now ϕ ∈ G ⊆ Aut(X) be a linear automorphism of X and let ϕ˜ ∈ GL(V ) be
such that π(ϕ˜) = ϕ. Clearly, τ ◦ ϕ ◦ τ−1 is an automorphism of Y and π(τ˜ ◦ ϕ˜ ◦ τ˜−1) = τ ◦ ϕ ◦ τ−1.
Moreover,
ϕ˜∗(F ) = F ⇔ F ◦ ϕ˜ = F ⇔ F ′ ◦ τ˜ ◦ ϕ˜ = F ′ ◦ τ˜ ⇔ F ′ ◦ τ˜ ◦ ϕ˜◦ τ˜−1 = F ′ ⇔
(
τ˜ ◦ ϕ˜ ◦ τ˜−1
)∗
(F ′) = F ′
This yields that ϕ˜ is a lifting of ϕ if and only if τ˜ ◦ ϕ˜ ◦ τ˜−1 is a lifting of τ ◦ ϕ ◦ τ−1. Finally, it is
clear that the canonical map G˜ → G is an isomorphism if and only if τ˜ ◦ G˜ ◦ τ˜−1 → τ ◦ G ◦ τ−1 is an
isomorphism. This concludes the proof. 
We now fix some notation for computations and examples that need to be performed in coordinates.
Let β = {β0, . . . , βn+1} be a basis of V and let β
∗ = {x0, . . . , xn+1} be the corresponding dual
basis of V ∗. This choice induces a canonical isomorphism of the symmetric algebra S(V ∗) and the
polynomial ring C[x0, . . . , xn+1]. Under this isomorphism, a form F ∈ S
d(V ∗) of degree d corresponds
to a homogeneous polynomial of total degree d. As usual, the degree of F with respect to variable xi,
denoted by degxi(F ), corresponds to the degree of F seen as a polynomial in A[xi] where A is the
polynimial ring in the variables {x0, . . . , x̂i, . . . , xn+1}.
Lemma 1.5. Let ϕ ∈ PGL(V ) be an automorphism of P(V ) of finite order q. Then, there exists a lifting
ϕ˜ ∈ GL(V ) and every other lifting of ϕ is given by λϕ˜ with λ a q-root of unity. Moreover, ϕ˜ and ϕ˜∗
are diagonalizable and all their eigenvalues are q-roots of unity. Finally, up to a change of basis, we can
assume that ϕ˜ and ϕ˜∗ are given by the same diagonal matrix diag(ξσ0 , . . . , ξσn+1) in the dual bases β
and β∗, respectively, where ξ is a primitive q-root of unity and σi are integers.
Proof. Let ϕ˜ ∈ GL(V ) be any automorphism such that π(ϕ˜) = ϕ. Since ϕ has order q we have that
ϕ˜q = λ Id. Replacing ϕ˜ by 1λ′ ϕ˜, where (λ
′)q = λ we obtain that ϕ˜ is also of order q and so it is a lifting
of ϕ. Furthermore, if ϕ˜′ is another lifting of ϕ, then ϕ˜′ = λϕ˜ and since both have order q, we obtain
that λ is a q-root of unity. Now, since ϕ˜q = Id, the minimal polynomial of ϕ˜ divides Xq − 1 which is a
polynomial with only simple roots. This yields that ϕ˜ is diagonalizable and all its eigenvalues are q-roots
of unity. This shows that ϕ˜ has the desired form. Finally, in the dual basis β∗, the dual ϕ˜∗ is given by
the transpose matrix of ϕ˜ which yields that ϕ˜ and ϕ˜∗ admit the same diagonalization in their respective
bases. 
Let us now prove the following lemma stating that when a form F ∈ Sd(V ∗) of degree d has a
particular shape, then the corresponding hypersurface X in P(V ) is singular.
Lemma 1.6. Let X be a hypersurface of dimension n and degree d in P(V ) given by the homogeneous
form F ∈ Sd(V ∗). Assume there is a decomposition V = V0 ⊕ V1 ⊕ V2 and that
F ∈ Sd−1(V ∗0 )⊗ S
1(V ∗1 )⊕ S
1(V ∗0 )⊗ S
d−1(V ∗1 ⊕ V
∗
2 )⊕ S
d(V ∗1 ⊕ V
∗
2 ) .
If dimV0 > dimV1 then X is singular.
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Proof. The projective space P(V0) is a subvariety of P(V ) isomorphic to a projective space of dimension
dimV0 − 1. The points of P(V0) are given by the points [v0 ⊕ 0⊕ 0] inside P(V ), with v0 ∈ V0. By the
shape of F , the subvariety P(V0) is also contained in X. If we take bases of V0, V1 and V2, the Jacobian
Criterion applied to F with respect to an element in the dual basis of V ∗0 gives an equation that is trivially
satisfied for points in P(V0). The same holds for the Jacobian Criterion applied to F with respect to an
element in the dual basis of V ∗2 . Now, the Jacobian Criterion applied to F with respect to element in the
dual basis of V ∗1 give exactly dimV1 equations, but by Euler’s Lemma [Har77, Chapter I, Exercise 5.8],
at most dimV1 − 1 of these equations are independent. Hence, the Jacobian Criterion for points in the
projective space P(V0) that has dimension dimV0 − 1 gives dimV1 − 1 equations. If dimV0 > dimV1,
Be´zout Theorem [Har77, Chapter I, Theorem 7.2] shows that there is at least one solution and so X is
singular. 
Remark 1.7. The case where dimV0 = 1 and dimV1 = 0 of this lemma has been used previously in
several instances. Is has usually been stated in coordinates, if we take any non-trivial element on V ∗0
to be the i-th element xi in the basis of V
∗, then Lemma 1.6 states that if degxi(F ) < d − 1, then
X is singular. See [GAL11, Lemma 2.3], [GAL13, Lemma 1.2], [OY19, Proposition 1.3 (1)], [WY19,
Proposition 4.3 (1)].
As a first step into proving our main result, in the following two lemmas we state some straightforward
consequences of the definition of F -liftability for automorphisms of order q of a smooth hypersurfaces
of degree d.
Lemma 1.8. Let X be a hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) given by the
homogeneous form F ∈ Sd(V ∗), with (n, d) 6= (1, 3), (2, 4). Let ϕ be an automorphism of X of order q
and let ϕ˜ and ϕ˜′ be automorphisms in to GL(V ). If ϕ˜ is an F -lifting, then ϕ˜′ is an F -lifting if and only
if ϕ˜′ = λϕ˜ with λ a gcd(d, q)-root of unity.
In particular, the following hold.
(i) If gcd(d, q) = 1, then if an F -lifting exists, it is unique.
(ii) If q divides d we have the following alternative: either ϕ is not F -liftable, or every lifting of ϕ is
an F -lifting.
Proof. Assume that ϕ˜ ∈ GL(V ) is an F -lifting of ϕ. By Lemma 1.5, ϕ˜′ is a lifting of ϕ if and only if
ϕ˜′ = λϕ˜, with λ a q-root of unity. Furthermore, ϕ˜′(F ) = (λϕ˜)∗(F ) = λdϕ˜∗(F ). Hence, we conclude
that ϕ˜′ is an F -lifting if and only if λ is a q-root of unity and d-root of unity. Now, (i) follows directly
and (ii) follows from Lemma 1.5. 
Lemma 1.9. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) given by
the homogeneous form F ∈ Sd(V ∗), with (n, d) 6= (1, 3), (2, 4). Let p be a prime number dividing d
and let ϕ be an automorphism of X of order p. If ϕ is not F -liftable, then p also divides n+ 2.
Proof. Let p be a prime number dividing d and let ϕ be an automorphism of X of order p that is not
F -liftable. Let also ϕ˜ be a lifting of ϕ to GL(V ). By Lemma 1.5, we have that ϕ˜ is diagonalizable and
its eigenvalues are all p-roots of unity. Hence, we have ϕ˜∗(F ) = ξF with ξ a p-root of unity. Since ϕ
is not F -liftable, ξ 6= 1 and since p is prime, ξ is a primitive p-root of unity. For every integer i, we let
V (i) be the eigenspace of ϕ˜ : V → V associated to the eigenvalue ξi. We have V (i) = V (i + kp) for
every integer k. Fix an integer j, and let V0 = V (j), V1 = V (j+1) and V2 a complementary of V0⊕V1.
Since ϕ˜∗(F ) = ξF and j(d− 1) + (j + 1) = jd + 1 ≡ 1 mod p, we have that
F ∈ Sd−1(V ∗0 )⊗ S
1(V ∗1 )⊕ S
1(V ∗0 )⊗ S
d−1(V ∗1 ⊕ V
∗
2 )⊕ S
d(V ∗1 ⊕ V
∗
2 ) .
Since X is smooth, applying Lemma 1.6 yields dimV0 = dimV (j) ≤ dimV1 = dimV (j + 1) for
every integer j. Hence,
dimV (0) ≤ dimV (1) ≤ · · · ≤ dimV (p) = V (0)
This yields dimV (i) = dimV (0) for every integer i. Hence, we obtain n + 2 = dimV = p dimV (0)
proving the lemma. 
6 VI´CTOR GONZA´LEZ-AGUILERA, ALVARO LIENDO, AND PEDRO MONTERO
We recollect now several examples that will be required in the sequel. Our first example provides
a converse to Lemma 1.9. Indeed, for every prime number p that divides d and n + 2, we provide a
smooth hypersurface X of degree d and dimension n and an automorphism ϕ of order p of X that is not
F -liftable.
Example 1.10. The Klein hypersurface XK of dimension n and degree d is the hypersurface in P(V )
given by the homogeneous form
K = xd−10 x1 + x
d−1
1 x2 + . . . + x
d−1
n xn+1 + x
d−1
n+1x0 .
It is well known thatXK is smooth [GAL13, Example 3.5]. Let p be a prime number dividing gcd(d, n+
2) and assume that n + 2 = pm. Let ϕ˜ be the automorphism of order p in GL(V ) given in the basis β
by the diagonal matrix
ϕ˜ = diag(1, ξ, ξ2, . . . , ξp−1, . . . . . . , 1, ξ, ξ2, . . . , ξp−1︸ ︷︷ ︸
m-times
),
where ξ is a primitive p-root of unity. A straightforward computation shows that ϕ˜ induces an automor-
phism ϕ of the Klein hypersurface and ϕ˜∗(K) = ξK . Hence, the automorphism ϕ is not K-liftable by
Lemma 1.8 (ii). In particular, Aut(XK) is not K-liftable.
Example 1.11. The Fermat hypersurface XF of dimension n and degree d is the hypersurface in P(V )
given by the homogeneous form
F = xd0 + x
d
1 + . . .+ x
d
n + x
d
n+1 .
A direct computation shows that XF is smooth. Furthermore, the automorphism group of XF is
Aut(XF ) = Sn+2 ⋉ (Z/dZ)
n+1 ,
where Sn+2 acts by permutation of variables and (Z/dZ)
n+1 acts diagonally in the first n+ 1 variables,
see for instance [Kon02]. In this case, Aut(XF ) is F -liftable.
Example 1.12. Let F ∈ Sd(V ∗) and F ′ ∈ Sd(W ∗) be smooth homogeneous forms such that the
corresponding hypersurfaces in P(V ) and P(W ) are smooth. Then the hypersurface given by F + F ′ ∈
Sd(V ∗ ⊕W ∗) in P(V ⊕W ) is also smooth. This follows directly from the Jacobian Criterion since in
this case, once we fix coordinates, the equations given by the vanishing of the partial derivatives split
into two disjoint sets of variables. Thus, the existence of a singular point on the hypersurface defined by
F + F ′ in P(V ⊕W ) would imply the same for the hypersurface defined by F or F ′.
Example 1.13. Let X be the hypersurface of dimension n and degree d in P(V ) given by the homoge-
neous form
F =
r−1∑
i=0
xd−1i xi+1 +
n+1∑
i=r
xdi where 0 < r < n+ 2 .
It is worth mentioning that F is not the sum of two smooth homogeneous forms as in Example 1.12.
However, a straightforward computation shows that the hypersurface X ∈ P(V ) corresponding to the
homogeneous form F is smooth.
Our main result in this section is Proposition 1.15 showing that every automorphism of every smooth
hypersurfaces of dimension n and degree d admit an F -lifting if and only if d and n + 2 are relatively
prime. We first show the following lemma for particular automorphisms.
Lemma 1.14. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) given
by the homogeneous form F ∈ Sd(V ∗), with (n, d) 6= (1, 3), (2, 4). Let ϕ be an automorphism of X of
order q and let ϕ˜ be a lifting of ϕ to GL(V ) with ϕ˜∗(F ) = ξcF , where ξ is a primitive q-root of unity
and c ∈ Z. Then ϕ is F -liftable if and only if gcd(d, q) divides c. In particular, if ϕ is not F -liftable,
then d and n+ 2 are not relatively prime.
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Proof. By Theorem 1.1 the order of ϕ is finite, say q ≥ 1. By Lemma 1.5, there exists a lifting ϕ˜ of ϕ to
GL(V ) and all the eigenvalues of ϕ˜∗ are q-roots of unity. Hence, we have that ϕ˜∗(F ) = ξcF , for some
integer c, where ξ is a primitive q-root of unity.
Assume first that gcd(d, q) divides c. By Be´zout identity, there exists a and b be integers such that
qa− db = c. A straightforward computation shows that ξbϕ˜ is an F -lifting of ϕ. Hence ϕ is F -liftable
in this case.
Assume now that gcd(d, q) does not divide c. Let p be a prime factor of gcd(d, q) not dividing c and
write q = pr. Letting ψ = ϕr , which is an automorphism of X of order p, we set ψ˜ = ϕ˜r in GL(V ).
We have ψ˜∗(F ) = ξrcF = ωcF where ω = ξr is a primitive p-root of unity and ωc 6= 1 since p does
not divide c. By Lemma 1.8 (ii) it follows that ψ is not F -liftable. This implies that ϕ = ψr is also not
F -liftable.
The last statement follows by Lemma 1.9 applied to ψ that shows that p also divides n+ 2. 
Proposition 1.15. Let n ≥ 1 and d ≥ 3 with (n, d) 6= (1, 3), (2, 4). Then every automorphism of every
smooth hypersurface of dimension n and degree d is F -liftable if and only if d and n + 2 are relatively
prime.
Proof. The “only if” part follow directly from Example 1.10 that provides for every prime number p
dividing gcd(d, n + 2), an automorphism of the Klein hypersurface of dimension n and degree d of that
is not F -liftable. The “if” part, follows from the last statement in Lemma 1.14. 
Remark 1.16. In the particular case of smooth cubic threefolds, Proposition 1.15 is implied by [WY19,
Proposition 4.7 and Lemma 4.9]. Moreover, this result also agrees with [OY19, Example 4.7], where the
authors prove that some quintic threefolds have automorphism that are not F -liftable. In this last case
d = n + 2 = 5. Both these results were the main inspiration for this paper. We generalize [WY19,
Proposition 4.7] in Lemma 3.3 below.
2. LIFTABLE AUTOMORPHISMS OF ORDER A POWER OF A PRIME
In [GAL11] we gave an effective criterion to find all the prime orders of automorphisms of smooth cu-
bic hypersurfaces and in [GAL13, Theorem 1.3] we extended this criterion to hypersurfaces of any degree
d and automorphism of order pr relatively prime to d and d−1. For our main result, we need information
about F -liftable automorphisms of orders pr for every prime number dividing d, see Lemma 2.8. For
this reason, we begin this section by extending in Theorem 2.1 the criterion in [GAL13, Theorem 1.3]
to include the case of F -liftable automorphisms of order pr a power of a prime without restrictions on
divisibility.
Recall that by Lemma 1.5, every automorphism ϕ˜ in GL(V ) of finite order q can be presented, in an
appropriate basis, by a diagonal matrix diag(ξσ0 , . . . , ξσn+1), where ξ is a primitive q-root of unity and
σi are integers. Since ξ
a = ξa+q the integers σi are naturally defined only up to a multiple of q. Hence,
the automorphism ϕ˜ is uniquely determined by it order q and the vector σ = (σ0, σ1, . . . , σn+1) ∈
(Z/qZ)n+2, where Z/qZ is the group of integers modulo q. We call σ the signature of ϕ.
Theorem 2.1. Let n, d, p, r be positive integers with d ≥ 3, (n, d) 6= (1, 3), (2, 4) and p prime. Then pr
is the order of an F -liftable automorphism of a smooth hypersurface of dimension n and degree d if and
only if
(i) p divides d− 1 and r ≤ k(n+ 1), where d− 1 = pke with gcd(p, e) = 1, or
(ii) p divides d and and there exists ℓ ∈ {1, 2, . . . , n+ 1} such that (1− d)ℓ ≡ 1 mod pr, or
(iii) p does not divide d(d− 1) and there exists ℓ ∈ {1, 2, . . . , n+2} such that (1− d)ℓ ≡ 1 mod pr.
Proof. Let X be a smooth hypersurface of dimension n and degree d in P(V ) given by a homogeneous
form F ∈ Sd(V ∗). Assume that X admits an F -liftable automorphism ϕ of order pr and let ϕ˜ be an
F -lifting. Up to a change of basis, we may and will assume that ϕ˜ is diagonal with signature σ =
(σ0, . . . , σn+1) ∈ (Z/p
r
Z)n+2.
To prove the “only if” part of the theorem, let k0 ∈ {0, . . . , n + 1} be such that σk0 is relatively
prime to p. This is always possible since otherwise, the order of ϕ would have order smaller that pr.
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By Remark 1.7, the homogeneous form F contains a monomial xd−1k0 xk1 as a summand with non-zero
coefficient, for some k1 ∈ {0, . . . , n + 1}, where it is possible that k1 = k0. Since ϕ˜ is diagonal
and ϕ˜∗(F ) = F we have that xd−1k0 xk1 is an eigenvector of ϕ˜
∗ associated to the eigenvalue 1. Hence
(d− 1)σk0 + σk1 ≡ 0 mod p
r, and so
σk1 ≡ (1− d)σk0 mod p
r . (1)
Applying the above argument with k0 replaced by k1, we obtain that the homogeneous form F con-
tains a monomial xd−1k1 xk2 as a summand with non-zero coefficient, for some k2 ∈ {0, . . . , n + 1} and
σk2 ≡ (1−d)σk1 mod p
r. Iterating this process, for all i ∈ {3, . . . , n+2}we let ki ∈ {0, . . . , n+1}
be such that the homogeneous form F contains a monomial xd−1k1 xk2 as a summand with non-zero coef-
ficient. By (1), we have
σki ≡ (1− d)σki−1 ≡ (1− d)
2σki−2 ≡ (1− d)
iσk0 mod p
r, ∀i ∈ {2, . . . , n+ 2} .
Since ki ∈ {0, . . . , n + 1} there are at least two i, j ∈ {0, . . . , n + 2}, i > j such that ki = kj . Thus
σki = σkj , and since σki ≡ (1 − d)
iσk0 mod p
r and σkj ≡ (1 − d)
jσk0 mod p
r with σk0 relatively
prime to pr we have
(1− d)i ≡ (1− d)j mod pr , (2)
Assume first that p does not divide d(d − 1). Then (2) is equivalent to (1 − d)i−j ≡ 1 mod pr.
Setting ℓ = i− j yields the “only if” part in this case.
Assume now that p divide d. Then (2) is again equivalent to (1−d)i−j ≡ 1 mod pr. Setting ℓ = i−j
yields that there exists ℓ ∈ {1, 2, . . . , n + 2} such that (1 − d)ℓ ≡ 1 mod pr. Assume the smallest ℓ
satisfying this property is n+ 2. Then j = 0, i = n+ 2 and, up to reordering of the basis, the signature
of ϕ˜ is given by
σ =
(
σk0 , (1− d)σk0 , (1 − d)
2σk0 , . . . , (1− d)
n+1σk0
)
mod pr .
Since p divides d, we obtain that the signature of ϕ˜p
r−1
is
pr−1 · σ =
(
pr−1σk0 , p
r−1(1− d)σk0 , p
r−1(1− d)2σk0 , . . . , p
r−1(1− d)n+1σk0
)
mod pr
= pr−1σk0 · (1, 1, . . . , 1) mod p
r .
Hence, we obtain that in this particular case ϕ˜ and so ϕ is of order pr−1 instead of order pr and so
ℓ < n+ 2 this yields the “only if” part in this case.
Finally, assume that p divides d − 1 and let d − 1 = pke with gcd(p, e) = 1. If kj < r, then (2) is
equivalent to (1−d)i−j ≡ 1 mod pr−kj which is impossible since 1 is not divisible by p but (1−d)i−j
and pr−kj are divisible by p. Hence, we conclude kj ≥ r. In this case both sides of (2) are divisible by
pr and so the equation always holds. We conclude r ≤ kj and the maximal value that j can attain is
n+1 since j < i and both are in the set {0, . . . , n+2} . Hence, we conclude r ≤ k(n+1). This yields
the “only if” part in this last case.
To prove the “if” part, assume first that p divides d − 1 and let d − 1 = pke with gcd(p, e) = 1. To
prove the theorem in this case, it is enough to provide a smooth hypersurface of dimension n and degree
d admitting an automorphism of order pr where r = k(n + 1). We let F ∈ Sd(V ∗) be the form
F =
n∑
i=0
xd−1i xi+1 + x
d
n+1 .
By Example 1.13, the hypersurface X ∈ P(V ) corresponding to the homogeneous form F is smooth.
Furthermore, a straightforward computation shows that F is invariant by the diagonal automorphism ϕ˜
of order pr in GL(V ) with signature
σ =
(
1, (1 − d), (1 − d)2, . . . , (1− d)n, 0
)
.
The fact that the signature contains coordinates with 0 and 1 ensures that the order of ϕ˜ is pr. Indeed,
assume that ϕ˜p
k
= λ Id for some k < r. Then taking the coordinates with 0 and 1 in the signature yields
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0 ≡ pk mod pr which is a contradiction. Hence, ϕ˜ induces an F -liftable ϕ of X of order pr, proving
the theorem in this case.
We deal with the last two cases simultaneously. If p does not divide d(d−1) we let ℓ ∈ {1, 2, . . . , n+
2} such that (1 − d)ℓ ≡ 1 mod pr. If p divides d we let ℓ ∈ {1, 2, . . . , n + 1} such that (1 − d)ℓ ≡ 1
mod pr. In both cases, we let F ∈ Sd(V ∗) be the form
F =
ℓ−2∑
i=0
xd−1i xi+1 + x
d−1
ℓ−1x0 +
n+1∑
i=ℓ
xdi .
By Examples 1.10, 1.11 and 1.12, the hypersurface X ⊂ P(V ) corresponding to the homogeneous form
F is smooth. Furthermore, a straightforward computation shows that F is invariant by the diagonal
automorphism ϕ˜ of order pr in GL(V ) with signature
σ =
(
1, (1− d), (1 − d)2, . . . , (1− d)ℓ−1︸ ︷︷ ︸
ℓ times
, 0, . . . , 0︸ ︷︷ ︸
n+2−ℓ times
)
.
In the case where p divides d, again the signature contains 0 and 1 which ensures that ϕ˜ has indeed
order pr. In the case where p does not divide d(d − 1) there may be no 0 in the signature. Assume that
ϕ˜p
k
= λ Id for some k < r. Then the first two coordinates in the signature yield pk ≡ pk−dpk mod pr.
This is only possible if pr−k divides d, a contradiction since in this case p does not divide d(d−1). Hence,
in both cases, ϕ˜ induces an F -liftable ϕ of X of order pr. This concludes the proof. 
Remark 2.2. The statement of our [GAL13, Theorem 1.3] is incorrectly stated to work for all q relatively
prime to d and d − 1 instead of q = pr a power of a prime number. This mistake was hinted in [OY19,
Theorem 5.1] where our result is stated under the right hypothesis and our proof is reproduced word by
word. Our proof above of Theorem 2.1 is an adaptation of the proof of [GAL13, Theorem 1.3]. The
requirement for q = pr to be a power of a prime number comes from the fact that σk0 is required to be
relatively prime to q = pr. This is not necessarily possible if q is not a power of a prime number.
For fixed n ≥ 1 and d ≥ 3 with (n, d) 6= (1, 3), (2, 4), Theorem 2.1 can be easily used to compute the
powers of a prime number that appear as the order of an F -liftable automorphism of a hypersurface of
dimension n and degree d by computing the prime factorization of (1−d)ℓ−1 for ℓ ∈ {1, 2, . . . , n+2}.
Below we give examples of this technique for low-dimensional smooth cubic hypersurfaces. We begin
by specializing Theorem 2.1 to this setting.
Corollary 2.3. Let n, p, r be positive integers with n ≥ 2 and p prime. Then pr is the order of an
F -liftable automorphism of a smooth cubic hypersurface of dimension n if and only if
(i) p = 2 and r ≤ n+ 1, or
(ii) p = 3 and there exists ℓ ∈ {1, 2, . . . , n + 1} such that (−2)ℓ ≡ 1 mod pr.
(iii) p 6= 2, 3 and there exists ℓ ∈ {1, 2, . . . , n+ 2} such that (−2)ℓ ≡ 1 mod pr.
Example 2.4. Let n be a positive integer with n ≥ 2 and p prime. We will compute the values of r such
that pr such that is the order of an F -liftable automorphism of a smooth cubic hypersurface of dimension
n. Since F -liftable automorphisms of order 2r are covered directly by Corollary 2.3 (i), we are left to
study the prime factorization of (−2)ℓ − 1 or, equivalently, the prime factorization of 2ℓ + (−1)ℓ+1. For
small values of ℓ we get the following factorizations.
21 + (−1)2 = 3 22 + (−1)3 = 3 23 + (−1)4 = 32
24 + (−1)5 = 3 · 5 25 + (−1)6 = 3 · 11 26 + (−1)7 = 32 · 7
27 + (−1)8 = 3 · 43 28 + (−1)9 = 3 · 5 · 17 29 + (−1)10 = 33 · 19.
We refer the interested reader to [BLS75] for prime factorizations of 2m ± 1 for large m. Now, let us
take a closer look at low-dimensional examples.
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(n = 2) By Proposition 1.15, every automorphism of a smooth cubic surface is F -liftable. Therefore,
Theorem 2.1 yields that the powers of a prime number that appear as the order of an automor-
phism of a smooth cubic surface are 2r2 , 3r3 and 5, where r2 ≤ 3 and r3 ≤ 2. This can be
confirmed in [Dol12, Table 9.5], where all cyclic groups acting on some smooth cubic surface
are listed.
(n = 3) By Proposition 1.15, every automorphism of a smooth cubic threefold is F -liftable. Therefore,
Theorem 2.1 yields that the powers of a prime number that appear as the order of an automor-
phism of a smooth cubic threefold are 2r2 , 3r3 , 5 and 11, where r2 ≤ 4 and r3 ≤ 2. This can be
confirmed in [WY19, Table 2] where all the abelian groups acting on some cubic threefold are
listed. See also their Proposition 5.1 that provides a similar computation using our earlier result
[GAL13, Theorem 1.3] that excluded the prime numbers 2 and 3.
(n = 4) By Proposition 1.15, we know that there are smooth cubic fourfolds admitting automorphisms
that are not F -liftable, see Example 1.10). On the other hand, Theorem 2.1 yields that the
powers of a prime number that appear as the order of an F -liftable automorphism of a smooth
cubic fourfold are 2r2 , 3r3 , 5, 7 and 11, where r2 ≤ 5 and r3 ≤ 2. It is worth noting that, after
the work of Beauville and Donagi [BD85], we can attach to every smooth cubic fourfold X an
hyperka¨hler fourfold given by its Fano variety of lines F (X), and moreover Aut(X) is naturally
isomorphic to the group of (polarized) automorphisms of F (X) (see e.g. [Cha12, Proposition
4] or [Fu16, Corollary 2.3]). Since the hyperka¨hler fourfold F (X) carries a symplectic form
ω it is natural to look at symplectic automorphisms of X, i.e. ϕ ∈ Aut(X) such that the
corresponding ϕ̂ ∈ Aut(F (X)) satisfies ϕ̂∗ω = ω. It is proven in [Fu16] that the powers
of a primer number that appear as the order of a symplectic automorphism of a smooth cubic
fourfold are 2s2 , 3s3 , 5, 7 and 11, where s2 ≤ 3 and s3 ≤ 2 (see also [Mon13] and [LZ19]). The
reader should note that Theorem 2.1 is coherent with the latter result, since we have that every
automorphism of order 5, 7 or 11 is F -liftable (see Lemma 1.14), and in that case the symplectic
condition stated in [Fu16, Lemma 3.2] follows from Lemma 2.8 below.
(n = 5) By Proposition 1.15, every automorphism of a smooth cubic fivefold is liftable. Therefore, The-
orem 2.1 yields that the powers of a prime number that appear as the order of an automorphism
of a smooth cubic fivefold are 2r2 , 3r3 , 5, 7, 11 and 43, where r2 ≤ 6 and r3 ≤ 2.
Example 2.5. By Proposition 1.15, every automorphism of a quartic threefold is liftable. Theorem 2.1
applied to this case yields that the powers of a prime number that appear as the order of an automorphism
of a quartic threefold are 2r2 , 3r3 , 5, 7 and 61 with r2, r3 ≤ 4. It is worth mentioning the remarkable
fact that for a smooth quartic threefold X the automorphism group Aut(X) and group of birational
automorphisms Bir(X) coincide thanks to the seminal work of Iskovskikh and Manin [IM71], which is
considered the starting point of birational rigidity (see e.g. [Kol19b] for an historical account and new
results).
For the remaining of this section, we fix a prime number p not dividing d − 1 and we will make use
of the equivalence relation in the Z/prZ given by a ∼ b if and only of b ≡ (1− d)ia mod pr for some
i ∈ Z. The relation ∼ is indeed an equivalence relation since 1− d is invertible in Z/prZ. Let now ϕ˜ be
an automorphism of order pr in GL(V ). By Lemma 1.5, all the eigenvalues of ϕ˜ are pr-roots of unity.
Let ξ be a primitive pr-root of unity. For every a ∈ Z/prZ, we denote by V (a) the eigenspace of V
associated to the eigenvalue ξa.
Lemma 2.6. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with
(n, d) 6= (1, 3), (2, 4). Let ϕ be an F -liftable automorphism of order pr with p prime not dividing d− 1
and let ϕ˜ be an F -lifting of ϕ. If a ∼ b, then dimV (a) = dimV (b).
Proof. If pr divides d, then 1 − d ≡ 1 mod pr. Hence a ∼ b if and only if a ≡ b mod pr and so
V (a) = V (b). In this case the lemma holds trivially. Assume now pr does not divide d. Letting i ∈ Z
and a ∈ Z/prZ, we let V0 = V ((1 − d)
ia) and V1 = V ((1 − d)
i+1a). We have (1 − d)i 6≡ (1 − d)i+1
mod pr and so V0 and V1 are eigenspaces associated to different eigenvalues. Hence, V0 ∩ V1 = {0}.
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Let V2 be a complementary of V0 ⊕ V1 in V . Since ϕ
∗(F ) = F we have that
F ∈ Sd−1(V ∗0 )⊗ S
1(V ∗1 )⊕ S
1(V ∗0 )⊗ S
d−1(V ∗1 ⊕ V
∗
2 )⊕ S
d(V ∗1 ⊕ V
∗
2 ) .
SinceX is smooth, by Lemma 1.6, we conclude that dimV ((1− d)ia) ≤ dimV ((1− d)i+1a). Further-
more, let ℓ be any integer such that (1− d)ℓ ≡ 1 mod pr and let k be such that kℓ ≤ i ≤ (k + 1)ℓ. We
conclude
dimV (a) = dimV ((1− d)kℓa) ≤ dimV ((1− d)ia) ≤ dimV ((1 − d)(k+1)ℓa) = dimV (a) .
This yields V ((1− d)ia) = V (a) for every i and so the lemma follows. 
For every a ∈ Z/prZ, we let a be the class of a under ∼. Furthermore, if a 6≡ 0 mod pr we can write
a = pka′ with gcd(p, a′) = 1 and k < r. We have a ≡ (1 − d)ia mod pr if and only if 1 ≡ (1 − d)i
mod pr−k. Hence, letting ℓ be the smallest positive integer such that (1−d)ℓ ≡ 1 mod pr−k, we obtain
that
a =
{
a, (1 − d)a, (1 − d)2a, . . . , (1− d)ℓ−1a
}
⊂ Z/prZ
and the cardinality of a is exactly ℓ, i.e., all the elements listed above are different.
Lemma 2.7. Let p be a prime number not dividing d− 1 and let d = psd′ with gcd(p, d′) = 1. then for
every a ∈ Z/prZ we have that the sum
∑
a of all elements in the class a is congruent to 0 modulo pr−s.
Proof. If a ≡ 0 mod pr then the lemma holds trivially. Assume a 6≡ 0 mod pr we can write a = pka′
with gcd(p, a′) = 1 and k < r. Letting ℓ be the smallest positive integer such that (1 − d)ℓ ≡ 1
mod pr−k we let c ∈ Z be such that (1− d)ℓ = 1 + cpr−k. We then have
∑
a =
ℓ−1∑
i=0
(1− d)ia = a ·
1− (1− d)ℓ
1− (1− d)
= −pka′ ·
cpr−k
psd′
= −
1
d′
a′cpr−s
The number in the above equation is an integer by the definition of the sum. Hence, we have that d′
divides a′c and so the sum is a multiple of pr−s. 
The application of the above results that will be needed in the sequel is the following lemma.
Lemma 2.8. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 2 in P(V ) with
(n, d) 6= (1, 3), (2, 4) given by a homogeneous form F ∈ Sd(V ∗). Let ϕ be an automorphism of order
pr and let ϕ˜ be an F -lifting, with p prime. If p does not divide d − 1, then the determinant of ϕ˜ is a
pmin(s,r)-root of unity, where d = psd′ with gcd(p, d′) = 1. In particular, if p does not divide d, then the
determinant of ϕ˜ is one.
Proof. By Lemma 1.5, the automorphism ϕ˜ is diagonalizable and so its determinant is given by det(ϕ˜) =∏
λnii , where {λi} is the set of eigenvalues and ni is the dimension of the eigenspace asociated to the
eigenvalue λi. If r ≤ s the lemma follows trivially since by Lemma 1.5 all the eigenvalues of ϕ˜ are p
r-
roots of unity. In the sequel we assume r > s. Letting ξ be a primitive pr-root of unity, the determinant
of ϕ˜ is given by
det(ϕ˜) =
∏
a∈Z/prZ
(ξa)dimV (a)
Letting C be the set of equivalence classes by the relation ∼, we can write this last equation as
det(ϕ˜) =
∏
b∈C
∏
a∈b
(ξa)dimV (a)
By Lemma 2.6, the dimension of V (a) is constant when a varies in the equivalence class b so we have
det(ϕ˜) =
∏
b∈C
(
ξ
∑
b
)dimV (b)
Finally, the result follows from Lemma 2.7 since
∑
b ≡ 0 mod pr−s implies that ξ
∑
b is a ps-root of
unity. 
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3. LIFTABILITY OF THE AUTOMORPHISM GROUP
In this section we will prove our main theorem stating that Aut(X) is F -liftable for every smooth
hypersurface of dimension n and degree d if and only if d and n+ 2 are relatively prime.
Lemma 3.1. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with
(n, d) 6= (1, 3), (2, 4) and let ϕ be an automorphism of X of order pr with p a prime number dividing d
and r ≥ 1. If p does not divide n+ 2, then ϕ admits an unique F -lifting to SL(V ).
Proof. Let d = psd′ with gcd(p, d′) = 1. Since p does not divide n + 2, there exists an F -lifting
ϕ˜ by Proposition 1.15. Furthermore, by Lemma 2.8 (i) we have det(ϕ˜) = ξc where ξ is a primitive
pmin(s,r)-root of unity. Since p does not divide n + 2, by Be´zout identity, there exists a and b such that
pmin(s,r)a − (n + 2)b = c. The automorphism ξbϕ˜ belongs SL(V ) since det(ξbϕ˜) = ξ(n+2)bξc = 1.
Furthermore, ξbϕ˜ is again an F -lifting of ϕ by Lemma 1.8 since ξ is a pmin(s,r)-root of unity and pmin(s,r)
equals gcd(d, pr).
Finally, let ϕ˜ and ϕ˜′ be two F -liftings of ϕ in SL(V ). By Lemma 1.8, we have ϕ˜′ = λϕ˜ with λ a
pmin(s,r)-root of unity. Moreover, we have
1 = det(ϕ˜) = λn+2 det(ϕ˜′) = λn+2
Hence, λ is also a (n+ 2)-root of unity. Since p does not divide n+ 2, we conclude λ = 1. 
We will apply the above lemma to prove that whenever p divides d and does not divide n + 2, then
every p-group in Aut(X) admits a unique F -lifting to SL(V ).
Lemma 3.2. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with with
gcd(d, n + 2) = 1 and let G ⊆ Aut(X) be a p-subgroup for some prime number p. If p divides d, then
G admits a unique F -lifting contained in SL(V ).
Proof. Since gcd(d, n+2) = 1 and p divides d, we have p does not divide n+ 2. By Lemma 3.1, every
element ϕ in G admits an unique F -lifting ϕ˜ to SL(V ). Let G˜ be the group generated in SL(V ) by H˜ ,
where
H˜ = {ϕ˜ ∈ SL(V ) | ϕ˜ the unique F -lifting of ϕ ∈ G to SL(V )} .
The restriction of the canonical projection π : GL(V ) → PGL(V ) to G˜ gives a surjective morphism
π|G˜ : G˜ → G and ϕ˜
∗(F ) = F for every ϕ˜ ∈ G˜. Let ϕ˜ be in the kernel of π|G˜, then ϕ˜ = λ Id and since
ϕ˜∗(F ) = F we obtain λd = 1. Furthermore, ϕ˜ ∈ SL(V ) so 1 = det(ϕ˜) = λn+2. This yields λ = 1
since gcd(d, n + 2) = 1 and so π|G˜ is an isomorphism.
In particular, we proved that G˜ = H˜ and so the uniqueness statement follows from the uniqueness of
the F -lifting of every element in G to SL(V ). 
The following lemma follows directly from [OY19, Theorem 4.8] in the case where d is prime. This
result is proven applying the Hochschild-Serre exact sequence in that case. We remark that, by [OY19,
Theorem 4.8], the condition that that gcd(d, n + 2) = 1 in the lemma could be removed when d is
prime. In the case where gcd(d, n + 2) = 1, we are able to give a low-tech proof where we replace
the role played by the Hochschild-Serre exact sequence in the proof of [OY19, Theorem 4.8] with the
determinant map.
Lemma 3.3. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with with
gcd(d, n + 2) = 1 and let G ⊆ Aut(X) be a subgroup. If d is also relatively prime to the order of G,
then G admits a unique F -lifting.
Proof. By Proposition 1.15, every element ϕ in G admits an F -lifting ϕ˜, Morever, since d and |G| are
relatively prime, the same follows for d and the order of ϕ and so by Lemma 1.8 (i) the F -lifting ϕ˜ of ϕ
is unique. Let G˜ be the group generated by H˜ , where
H˜ = {ϕ˜ ∈ GL(V ) | ϕ˜ the unique F -lifting of ϕ ∈ G to GL(V )} .
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The restriction of the canonical projection π : GL(V ) → PGL(V ) to G˜ gives a surjective morphism
π|G˜ : G˜ → G and ϕ˜
∗(F ) = F for every ϕ˜ ∈ G˜. Let ϕ˜ be in the kernel of π|G˜, then ϕ˜ = λ Id and since
ϕ˜∗(F ) = F we obtain λd = 1. In particular, the determinant det(ϕ˜) = λn+2 is a d-root of unity by
Lemma 1.5.
Let now ϕ˜ = ϕ˜1 ◦ ϕ˜2 ◦ . . . ◦ ϕ˜ℓ where each ϕ˜i ∈ H˜ . Taking determinant we obtain
det(ϕ˜) = det(ϕ˜1) · det(ϕ˜2) · · · det(ϕ˜ℓ)
Again by Lemma 1.5 we have that det(ϕ˜i) is a qi-root of unity, where qi is the order of ϕ˜i. In particular,
det(ϕ˜) is a q1 · q2 · · · qℓ-root of unity. Since d and q1 · q2 · · · qℓ are relatively prime, we obtain that
det(ϕ˜) = 1. Finally, λn+2 = det(ϕ˜) = 1 implies that λ = 1 since d and n+2 are relatively prime. This
yields that π|
G˜
is an isomorphism.
In particular, we proved that G˜ = H˜ and so the uniqueness statement follows from the uniqueness of
the F -lifting of every element in G. 
Proposition 3.4. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with
with gcd(d, n + 2) = 1 and let Gp be a Sylow p-subgroup of Aut(X) with p a prime number. Then the
following hold.
(i) If p does not divide d(d − 1), then there exists a unique F -lifting of Gp and this F -lifting is
contained in SL(V ).
(ii) If p divides d− 1 then there exists a unique F -lifting of Gp.
(iii) If p divides d, then there exists a unique F -lifting of Gp that is contained in SL(V ).
Proof. Lemma 3.3 imply the existence of a unique F -lifting G˜p to GL(V ) of Gp in cases (i) and (ii).
Lemma 2.8 imply that in case (i) the F -lifting G˜p is contained in SL(V ). Finally, part (iii) follows
directly from Lemma 3.2. 
The following is our main result in this paper. Our original idea for the proof was inspired by [WY19,
Theorem 4.11].
Theorem 3.5. Let n ≥ 1 and d ≥ 3 with (n, d) 6= (1, 3), (2, 4). Then the automorphism group of every
smooth hypersurface of dimension n and degree d in P(V ) is F -liftable if and only if d and n + 2 are
relatively prime.
Proof. As in the case of Proposition 1.15, the “only if” part follow directly from Example 1.10 that
provides automorphisms that are not F -liftable of every smooth Klein hypersurface of dimension n and
degree d whenever d and n+ 2 are not relatively prime.
To prove the “if” part, letX ⊆ P(V ) be a smooth hypersurface of dimension n and degree d given by
the homogeneous form F ∈ Sd(V ∗). Assume that d and n+2 are relatively prime. By Theorem 1.1, we
have Aut(X) = Lin(X) and is finite. Let us write
|Aut(X)| = pk11 · · · p
kr
r q
li
1 · · · q
ls
s ,
where p1, . . . , pr, q1 . . . qs are pairwise distinct primes, k1, . . . , kr, l1, . . . , ls ≥ 1 are integers and q1, . . . qs
are all the prime numbers dividing d− 1. By Proposition 3.4 (i) and (iii), every pi-Sylow subgroup Gpi
of Aut(X) admits an unique F -lifting G˜pi ⊂ SL(V ), for all i = 1, . . . , r. By Proposition 3.4 (ii), every
qi-Sylow subgroup Gqi of Aut(X) admits an unique F -lifting G˜qi ⊂ GL(V ), for all i = 1, . . . , s. We
will check that the group G˜ generated by
G˜p1 ∪ . . . ∪ G˜pr ∪ G˜q1 ∪ . . . ∪ G˜qs
is a lifting of Aut(X). The restriction of the canonical projection π : GL(V ) → PGL(V ) to G˜ gives a
surjective morphism π|G˜ : G˜→ Aut(X). If ϕ˜ is in the kernel of π|G˜, then ϕ˜ = λ Id, for some λ ∈ C
×.
Furthermore, since ϕ˜∗(F ) = F we obtain that λd = 1 and so λ is a d-root of unity. In particular,
det(ϕ˜) = λn+2 is also a d-root of unity.
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On the other hand, ϕ˜ = ψ˜1 · · · ψ˜ℓ where each ψ˜i belongs to some G˜p, with p ∈ {p1, . . . , pr, q1, . . . , qs}.
Furthermore, if ψ˜i ∈ G˜pj then det(ψ˜i) = 1 since in this case ψ˜i ∈ SL(V ). Furthermore, if ψ˜i ∈ G˜qj
then the order of ψ˜i divides q
lj
j and so det(ψ˜i) is a q
lj
j -root of unity by Lemma 1.5. In particular, we have
shown that det(ψi) is a q
li
1 · · · q
ls
s -root of unity for every i = 1, . . . , ℓ. Hence,
det(ϕ˜) = det(ψ1) · · · det(ψℓ) is a q
li
1 · · · q
ls
s -root of unity .
We have shown that det(ϕ˜) = λn+2 is a qli1 · · · q
ls
s -root of unity and a d-root of unity. Since qj are the
prime numbers dividing d−1, they do not divide d and so gcd(d, qli1 · · · q
ls
s ) = 1. Hence λ
n+2 = 1. This
last equality gives that λ is a (n+ 2)-root of unity and we showed before that λ is also a d-root of unity.
Hence λ = 1 since gcd(d, n + 2) = 1. This yields that π|G˜ is also injective, concluding the proof. 
4. A BOUND FOR THE ORDER OF CERTAIN p-GROUPS ACTING ON SMOOTH HYPERSURFACES
As an application of our above results we show the following proposition giving a sufficient condition
for the order of Aut(X) to not be divisible by p2, where X is a smooth hypersurfaces of dimension n
and degree d. If p does not divide d(d − 1), we define ℓ(pr) as the smallest positive integer such that
(1− d)ℓ(p
r) ≡ 1 mod pr. Such an ℓ(pr) always exists since d− 1 and p are relatively prime.
Proposition 4.1. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V )
with with gcd(d, n + 2) = 1 and let Gp be a Sylow p-subgroup of Aut(X) with p a prime number not
dividing d(d− 1). Assume that Gp is F -liftable. If ℓ(p
2) > n+ 2 and 2ℓ(p) > n+ 2, then Gp is trivial
or isomorphic to Z/pZ.
Proof. Assume by contradiction that the automorphism group Aut(X) of a smooth hypersurface X of
dimension n and degree d given by the homogeneous form F ∈ Sd(V ∗) has a Sylow p-subgroup Gp
of order pr with r > 1. This, in particular, yields that Aut(X) has a subgroup H of order p2 (see e.g.
[Suz82, Ch. 2, Theorem 1.9]). A standard fact about p-groups is that, up to isomorphism, Z/p2Z and
Z/pZ×Z/pZ are only two groups of order p2 (see e.g. [Suz82, Example of Ch. 1, §3]). By Theorem 2.1,
the condition ℓ(p2) > n+ 2 implies that H 6∼= Z/p2Z. Hence we conclude that H ∼= Z/pZ× Z/pZ.
The group H is F -liftable by Proposition 3.4 (i). Let ϕ˜ and ϕ˜′ be F -liftings of the generator ϕ and
ϕ′ of each Z/pZ factor inside H , respectively. Since ϕ˜ and ϕ˜′ commute, there exists a basis β of V such
that the matrices of both automorphisms are diagonal (see e.g. [Bou81, Ch. VII, §5, n◦ 7, Prop. 13]).
Fix a primitive p-root of unity ξ and let σ and σ′ be the signatures of ϕ˜ and ϕ˜′, respectively. Without
loss of generality, we may assume that the first ℓ(p) coordinates of σ are 1, (1 − d), . . . , (1 − d)ℓ(p)−1.
This yields that xdi does not appear in F with non-zero coefficient for i < ℓ(p). Hence, Lemma 1.6
implies that xd−1i xi+1 and x
d−1
ℓ(p)−1x0 must appear in F with non-zero coefficient for i < ℓ(p).
Now, Lemma 2.6 yields dimV ((1−d)i) = c is constant for all i < ℓ(p), where V (a) is the dimension
of the eigenspace of V associated to the eigenvalue ξa of ϕ. And, since 2ℓ(p) > n + 2 = dimV we
conclude that c = 1. Furthermore, a similar argument shows that the dimension of every eigenspace
V (a) different from V ((1 − d)i) for i < ℓ(p) must be zero except for V (0). This yields that
σ =
(
1, (1 − d), (1 − d)2, . . . , (1− d)ℓ(p)−1︸ ︷︷ ︸
ℓ(p) times
, 0, . . . , 0︸ ︷︷ ︸
n+2−ℓ(p) times
)
.
Assume now that σ′i the i-th coordinate of σ
′ is a 6≡ 0 mod p with i < ℓ(p). Then a similar argument
as above shows that
σ′ =
(
a(1− d)ℓ(p)−i, . . . , a(1 − d)ℓ(p)−1︸ ︷︷ ︸
ℓ(p)−i times
, a, a(1 − d), . . . , a(1− d)ℓ(p)−i−1︸ ︷︷ ︸
ℓ(p)−i times
, 0, . . . , 0︸ ︷︷ ︸
n+2−ℓ(p) times
)
=
(
b, b(1− d), b(1 − d)2, . . . , b(1− d)ℓ(p)−1︸ ︷︷ ︸
ℓ(p) times
, 0, . . . , 0︸ ︷︷ ︸
n+2−ℓ(p) times
)
,
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where b = a(1 − d)ℓ(p)−i. This yields a contradiction, since in this case, ϕ′ = ϕb and so they belong to
the same cyclic group. Hence, σ′i = 0 for all i < ℓ(p).
We have proven that the signature σ′ must have the form
σ′ =
(
0, . . . , 0︸ ︷︷ ︸
ℓ(p) times
, 1, (1 − d), (1 − d)2, . . . , (1 − d)ℓ(p)−1︸ ︷︷ ︸
ℓ(p) times
, ∗, . . . , ∗︸ ︷︷ ︸
n+2−2ℓ(p) times
)
.
But this is impossible since 2ℓ(p) > n+2. This contradiction implies thatGp has order at most p proving
the proposition. 
We have the following corollary that is the announced result for this section.
Corollary 4.2. Let X be a smooth hypersurface of dimension n ≥ 1 and degree d ≥ 3 in P(V ) with
gcd(d, n+2) = 1. Let p be a prime number not dividing d(d− 1). If ℓ(p2) > n+2 and 2ℓ(p) > n+2,
then p2 does not divide the order of Aut(X).
Proof. By Theorem 3.5 we have that Aut(X) is F -liftable and so, in particular a p-Sylow subgroup of
Aut(X) is also F -liftable. The corollary now follows directly from Proposition 4.1. 
Example 4.3. Corollary 4.2 is particularly useful for small values of n. For instance, when X is a
smooth cubic hypersurface of dimension n and 3 does not divide n+ 2, we obtain the following bounds
by directly applying Corollary 4.2.
(n = 2) The order of Aut(X) is 2r23r35r5 , where r5 ≤ 1.
(n = 3) The order of Aut(X) is 2r23r35r511r11 , where r5, r11 ≤ 1.
(n = 4) The order of Aut(X) is 2r23r35r57r711r11 , where r5, r7, r11 ≤ 1. This case does not follow di-
rectly from Corollary 4.2. Nevertheless, the bounds for r5, r7, r11 follow from the corresponding
bounds in the case n = 5.
(n = 5) The order of Aut(X) is 2r23r35r57r711r1143r43 , where r5, r7, r11, r43 ≤ 1.
Example 4.4. In the case of a smooth quintic threefold X, it follows from [OY19, Theorem 4.8] that the
p-Sylow subgroups of Aut(X) are F -liftable for p 6= 5. Proposition 4.1 yields that the order of Aut(X)
is 2r23r35r513r1317r1741r41 , where r13, r17, r41 ≤ 1. This retrieves part of [OY19, Theorems 5.8, 5.9
and 5.10] in a uniform way.
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